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concentrator device,” https://doi.org/10.1364/0PTICA.6.001046. Here detailed analytical derivations are
provided together with additional verification simulations.

Section S1. Derivation of the optical path length distribution in a
slab.
We are interested in the probability density for a photon to travel
distance r to the edge of a rectangular slab for an isotropic point-
like source randomly placed inside it.

A) 2D casein-plane (XY plane).
Consider edge element of a length dy. The fraction of the isotropic
emission from a point source at distance r into the edge

element dy:
_de
C2m

f

From the yellow triangle:
dy-sin(m—0) =2-(r—dy-cos(mw—0)) sin(de/2)
For small ¢ one can approximate sin(dg/2) = d¢/2. For small
dy one can simplify (r — dy - cos(m — 6)) ~ r.Then
dy-sin(0) ~r-de

Then the fraction f for a single source becomes:
_ dy-sin(0)

2nr

f

Elementary length ds of the arc with radius r contributing to the
signal for the angle 8 (blue segment):

de

ds =—-2nr =rd

2n
If the arc is limited by angles 6, , the total fraction of photons from
the arc of a length s, arriving to the element dy (summing up
signal from all the sources at a distance r):

s d 02
F = f fds = & sin(0)do
0 21 01

d
= Z}; (cos(84) — cos(03))

Finally, for the total fraction of photons reaching the edge (length
h) after travelling distance r one should integrate over the whole

edge length:
1 h
p() = 5. | (cos(0y) - cos(0) dy

which, after normalization, represents the probability density
function. Since limiting angles 6,, vary depending on the
geometry and the exact position of dy several cases should be
considered. For certainty a rectangular with a width smaller than
the height (w < h) is taken into account.
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Scheme S1. Notations used in the derivation of the section S1A.
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Al)Forr < g :
Three different cases can be considered:
1.For0 < y < r thearcis from 6, tow, where cos(8;) = 2

-
2.Forr <y < h—rthearcisfromOtom

3.For h—r <y < h the arc is from 0 to 6,, where cos(w —
0,) =2, cos(8,) = -~

And the total number of photons can be calculated by integrating
respective parts:
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Scheme S2. Notations used in the derivation of the section S1A1.

A2) For g <r<w

Again three different cases can be considered:
1.For0 < y < h —rthearcisfromé, torw
2.Forh —r <y < rthearcisfrom®6, to 6,
3.Forr < y < hthearcisfrom0to 6,

B 1 h-r y d
Plefe2(1) = Py .[0 (; + ) y
r h —
e
h-r r r

+fh(1+h_y)d _Zhor
. r )Y) " 2n

The same result as for the case above.
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Scheme S3. Notations used in the derivation of the section S1A2.

A3)Forw <r<h
Two cases are:
1. For 0 < y < h —r the arc is from 0 to 8, where sin(8,) =

w . w

= 6, = arcsin (:)

2.Forh —r <y < h—vr? —w? thearcis from 65 to 6,,, where
h-y

03 = m — 0, = arccos (T)

These two arcs repeat themselves from the other side, so their

respective contributions should be multiplied by 2.
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Scheme S4. Notations used in the derivation of the section S1A3.



h-r w
Plefes(r) = 2 f (1 — cos(arcsin (—)) dy
0 r

h—Vr2-w? (p
vz Y
h-r r

— cos(arcsin (K) dy
T
_ 2hr —w? — 2hVr?2 — w?
- 2mr
A4)Forh <r <+vh? +w?

Two cases are:
1.For0 <y < h—+r? —w?thearcis from 65 to 6,
2.Forvr? —w? < y < hthearcisfrom 6, to 6,
—Jr2—w2
B u — cos(arcsin (K) d
r r Y

h w

+ f (X — cos(arcsin (—)) dy
Vrz—w2 \T r
_ r?—w?—2hVr? —w? + h?

2nr

Piefta = J(-)

One can repeat such derivations for the top edge:

A5)Forr <~
Similar to the first case for the left facet:
1.For 0 < x < r thearcis from @, to r, where @; = arccos (f)

2.Forr < x < h —rthearcisfrom0tom
3.Forh — r < x < hthearcisfrom0 to a,, where a, =

w—x
arccos (— T)

2w—r
ptopl(r) =0

Scheme S5. Notations used in the derivations of the section S1A5.

A6) For% <r<w

1.For 0 < x < w — r countable arc is the same as above: from a;
tom

2.Forw —r < x < ritisfromea, toa,

3.Forr < x < w itis the same as above: from 0 to a,

2w—r

Ptop2 (T) = 2T

A7) For w < r < h (same range as for left facet)
Only one case needs to be considered:
1.For 0 < x < w the countable arcis from @, to a,

w

X w-—x w
ptopS(r) = .[0 (; + r )dx = 2
A8)Forh <r < vh? + w?

1. For 0 < x <w —vr? — h? Countable arc is from a5 to «,,
. (h -

where @, = arcsin (;),a3 =T — @, = arccos (g)

2.Forvr? — h? < x < w Countable arcis from a; to a,

fw‘m (w -x

h
Ptops ™=
0

— cos(arcsin (;)) dx

w h
+ f (f — cos(arcsin (—)) dx
Vrz-pz \T r

2 — h% — 2wVr?2 — h?2 + w?
2nr

Then for the total perimeter of the rectangular (2 left and 2 top
edges) a piecewise and continuous function p(r) can be defined as
(Figure 1):

2w + 2h — 2r
Pl(r)=—n ) 0O<r<w
2h(r —Vr? — w?
p2(r) = ( ), w<r<h
nr
2r2 — 2hVr2 — w2 — 2wVr? — h?
p3(r) = — , h<r<d

Normalization coefficient is just the area of the rectangular hw, as
would be expected:

VhZ+w?2 w
[ pwar= [ piar
0 0

f pa(P)dr =

h
+f p.(r)dr +
w h



w(w + Zh)

p <2h+(71: 2)w — 2 h% —w? - 2w

)
h? —w? )
1
+;<2h\/h2 —w? + nwh — w? — 2h?

-arctan (

— 2 hw - arctan (%) —2hw

. (h hZ —w w2>
carctan| ————| | =
wVh% —w? + wh
2hw ¢ (W) ¢ <
=——|m—arctan(—) — arctan
h

w
ﬁ)

. (h hZ—wz—wz)) h
— arctan = hw
wVvh? — w2 + wh

s

Average value of the distribution:

Jo BEewt .. p(r)dr

[

0

p=<r>=
p(r)dr

First moment (nominator):

1 3
In h® + w3 — (h? + w?)Z + 3hw? In
Vh? + w? + w))

(W+h)
w

2
+ 3wh ln< h

Then the average photon optical path from an isotropic emitter
randomly placed in a rectangular:

3
(h3 + w3 — (h? + w?)2
(m + h)
w

p= 3mthw

+3hw?in

+3wh?l (\/m+w>>
whiln(———

h

For a simple case of a squareslab (h = w = a):

_2(1+3ln(1+\/i)—\/i)m~

g = - 0.47a

B) 2D case out-of-plane (XZ plane)

Emitted light from an isotropic emitter reflects many times from
the media boundary due to the total internal reflection when the
light is emitted outside the escape cone. Individual optical path
length between reflections for the light emitted below critical angle
0., (sin(6,) =1/n, 6,4 = 42° for n =15 of glass or
polymers):
L = A
1™ cos(0)

Total optical path in this plane for N bounces until reaching the
edge

r r

L=N"h=1—sm@ "'~ sine)

where 6, < 6 < 8., = m — 6,,;.50 [ does not deviate much from
the distance to the edge r, and is in the range r < [ < nr = gr
(for glass or polymers), depending on the angle 6.

Probability density function for the light emitted from an isotropic

emitteris constant 0 < 6 < 2m:
dP 1
g9@0) = =5

Changing variable to the optical path length [ for a given parameter
r

o= =215 =s0 |3
Where
r
0 = arcsin (T)
Therefore
daeo r
[ o=
Then we obtain
r
a-() = WE=2

An average value of the optical path from the distribution g, (1) is
closetor:

[ )Vl _ 2r(in(3 +V5) - In(2))
<l>= f3r/2 - - — r
q,(1)dl  — 2arctan(2/V5)
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Scheme S6. Notations used in the derivations of the section S1B.

C) 3D case

The distance r from the derived distribution above g,.(1) is not a
constant, but has a probability density distribution p(r), where
the probability of having r = 7' is p(r')dr’ for a properly
normalized probability density function. That corresponds to the
distribution of the optical path lengths:

f O
" 2ml )2 AV —1'2
Integration limits reflect the fact that only individual distributions

with %l < r'" <l will contribute to the total probability density at

the point [. Exact analytical solution is possible to obtain through
special functions (complete and incomplete elliptic integrals).
Using the following notations:



\/ w2 412 — 9w?

= 412 — 4w?’
B VhZ + w?
r= l X=T
One can find that:
ForO0<l<w
p1(r)r’

ql(l)—mfl N ar

(12h + 12w — 41)V5 - 91 (” — 2arcsin (%))

36m?
~0.076(h +w) —

q:(D) =
0.068 -1

Ifw < ghthenforw <Il< %w(otherwiseforw <l<h)

_ 1 Y op,(rHr' 1
q, () = hdr +— ol ),

2 -1

(6h + 6w — 2DV/5

w 2
—-9] (arcsin (T) — arcsin (E))

w2
— 9wk + 18h A

qZ(l) = 1872

K(n) — E(n)>

where K, E are complete elliptic integrals of the first and second
kind respectively.

Ifw < ghthenforgw <l<h

) = Lp (X
s an 2172
1 (hV5
qa; (D = Z\ 37" hE(n)

2
+ h (K@) = Foom) + Mo n?,m)

where F, IT are incomplete elliptical integrals of the first and third
kind respectively.

Ifw < ;hthenforh <l<VhZ+w?

W = " pa () Lps (O
s 2ml 2 V=17 2nl ), ViZ =12

1h\/_ h nl

== _n 2z
q.(D 3 731 —h*+

2
+ h—(ﬂ(x n?,m) — FGen) + K(n))

— hE(p) —wE(y) — %arcsin <%)
B K@)

Ifw < ghthenfor\/h2 FwZ<l< gh

1 (" pa()r
D=-—| ——dr
qs(D) 27l %l Z 2 r

R S A TGO L

2ml ), [

1 l h\ [
qs(D) = (arcsm(x) ——arcsin (l) 2
2

e (P () =71 ()
z\Floam nxl'""

- F(}f, 71) + H(}f, 112' 71))

z\" \nxl’ nxt’”’
h
lZ_hZ_wz_z_luZ_hZ)

To verify these formulas several millions of path lengths were
numerically calculated for a point with a varying location inside a
3D slab with given side lengths. Resulting distributions (dots)
indeed converge to the analytical expressions presented here
(blue and red lines).
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Figure S1. Probability density function distributions for a 3D slab with
dimension 2x6 (blue) and 4x6 (red) units. Points are counted by
simulating about a million paths from an isotropic emitter, and solid
lines are analytical solutions from above. Inset shows fraction of optical
paths below the width w of a rectangular (aspectratio 8 = w/h).



Section S2. Approximate solution for the optical path distribution

A) Derivation of the approximate solution

The exact solution presented above is not very convenient to work
with, so an approximate analytical solution would be easier to use
instead. It can be obtained based on the fact that g,- (1) varies only
marginally, being chiefly close to r. So, as a first approximation, one
can substitute distribution ¢q,(l) by its average value
l=<I>=k-r and to rely solely on the obtained 2D
distribution p(r). So the approximate analytical distribution for
the optical path length distribution in 3D can be written as

q) = p(l/k)

It appears to be a very good approximation for different aspect
ratio geometries (Figure 1, inset). The meaning of the coefficient
k =~ 1.14 can be then interpreted as a correction for 3D geometry
from a 2D case. So the final solution g’ (1) becomes:

2w + 2h — 21/k

p- 0<lI<kw
2h(l — /12 — (kw)?
( l (kw)?) kw < 1 < kh
212 /k — 2h,/12 — (kw)?2 — 2w,/1%2 — (kh)?
/ (kw)” = 2wyl = M) < 1 < ke
Using normalization coefficient:
Mo JiEw?
f q'(Ddl = j p(r)dr = khw
0 0

A properly normalized 3D probability density function gq(I) then
becomes:

2w + 2h — 21/k

p—— , 0<Il<kw
21— 2./ = (kw)?
kw < I < kh
nlwk
202 /k — 2h T2 = (kw)? — 2w/ T2 — (kh)?
L / 1(1”':2,,‘ w KR)” 1h <1< kd

B) Probability of the optical path to be shorter than the
rectangular width
The probability for an optical path to be shorter than the
rectangular width w (aspectratio f = % <1):

%(5+1—£>z0.31[2+0.56

Pw=f0 q(dl = =

It is shown in the inset of Figure S1 as a function of . So most of
the photon path distribution lies below the shortest side of the
rectangular. Even for a very large 1:5 ratio it is > 60% probability,
reaching ~ 85% for the squared shape. For the “golden ratio”

# =~ 0.62 it is 75%. So for most practical applications it is
possible to say that the rectangular width mainly limits optical
path of photons in a 3D slab.

Section S3. Effect of matrix absorption

The probability of having optical path [ =1" isq(l')dl’ for a
properly normalized probability density function g (1). Then

Imax
fl@ = fo q(l') - exp(—al’)dl'

Which essentially shows the fraction of photons reaching the edge

for given h and w (diagonal d = Vh? + w?) of a rectangular,
where l,,,,,, = kd. Calculating dimensionless f(a) using obtain
normalized distribution q (1) yields:

kw
file) = fo (1) - exp(—al’)dl

= m((h + w)ak -1+ e'kW“(l

— kha))
kh

q:(l") - exp(—al’) dl'

— 2 (e—kwu

_awnk
kh /lz _ (k )2

wnk w

fal@ = |

kw

_ e—kha)

exp(—al)dl

kd
2
fo@ = | a0 exp(-al)dl = s (ahk

. e—ahk dak - e—adk + e—ahk _ e—adk)

J-kd /lz (kw)z
kh
f’“’m
kh

~ ok exp(—al) dl

~ Tk xp(—al)dl

f@) = fi1(a) + f2(a) + f3(a)

2
f(a) = W((h + W)ak — (kda + 1) . e kda

+ e_kha + e'kW“ - 1) — 31 - 32
where two integrals are:
kd 12 — (kw)?
3, = f v ( W)" exp(—al)di,
wrtk J,,,
kd /lz kh)2
3, = f ( ) exp(—al)dl
kh

Section S4. Fraction of light emitted to the waveguiding mode

The emitted light from a fluorophore (quantum dot, organic dye,
etc) in a polymer/glass slab will experience total internal
reflection for angles at the air interface larger than a critical angle
oc In the most common case for a glass or a polymer:
n = 1.5, ny, = 1 and the critical angle a,:

1
sin(a,) = -

ie. a, = 42°. Thus, for the emitter in a rectangular slab with six
facets there are six cones with the angle 2a., where the emitted
light can escape. Solid angle of the cone (surface of a spherical cap)
for a unity radius sphere is

S1=2n(1 — cos a,)

So the fraction of the emitted light through one facet is:



I—M
Sy 2mn(1 — cosa;) n
s 4 a 2

Considering only emitted light through top and bottom facets as
losses the total useful fraction of the emission is then (n = 1.5):

81=

nz-1

§=1-28=——~75%

Section S5. Effect of scattering by fluorophores

If the total loss is governed by the scattering instead (absorption-
free matrix and re-absorption free fluorophore) then the optical
efficiency can be also evaluated from the optical path length
distribution. Let the linear scattering coefficient be a,.[1/cm].
Probability for the photon to travel optical path I’ before reaching
the edge is q(1")dl'. Probability of not being scattered within
distance [' is exp(—a,.l"). These photons will contribute to the
total optical efficiency similarly to the absorption case above:

Imax

Xo(arss) = f ql) - exp(—ag L) dl = f(ay)

0

In addition, there will be photons, which underwent scattering into
the waveguiding mode. Probability of being scattered within
distancel' is 1 — exp(—a,!l").If § is a fraction of waveguided light
after a scattering event (6=75% for n=1.5) the probability to
reach the edge after one scattering event is:

lmax
xi(a,) = 8- f q) - (1 — exp(~a I))dl
0 lmax
- fo 4 - exp(—ag ) dl

Xx1(ag) =8 (1 — flay)) " flas)

A Markov process is considered, where there is no memory in the
system. The total probability for a photon to reach the edge
becomes then a geometrical series (sum of probabilities for no
scattering, one scattering, two scattering events, etc.):

X(asc) = ZXL = f(asc) [1 + 6 (1 - f(asc))
i=0

+(s-(1- f(asc)))z +]
_ flaw
1-8-(1-f(as)

Section S6. Effect of several loss mechanisms present
simultaneously

Now consider two processes taking place simultaneously:
scattering and matrix absorption. First, photons experiencing no
scattering and no absorption will contribute to the total signal:

Imax

o (@, @) = f q(l') - exp(—ay. ") - exp(—al’) dI
0

= f (asc + a)

Then photons after one scattering event and without subsequent
scattering and absorption. While every scattering event sets back
to zero the travelled distance for scattering, the optical path for
absorption continues. So the exact history of scattering becomes
important. To take into account this fact one can introduce a
probability densityto scatter at a point !’ (in the absence of other
processes):

Psc(l') = as. - exp(—al')
which is a properly normalized probability density function. Then
in the system where scattering and absorption coexist the
probability density to scatter at a point I" without being absorbed
before is:

psc(l,) jl’ Pab (x)dx

where a similar notation of the probability density p,, is
introduced for the pure absorption process. Additional conditions
of no subsequent scattering and absorption can be added as:

pee(l) f P dx - 8- exp(—asly)- exp(—aly)
l’

where [, is a photon path taken to reach the device edge after the
scattering event. If I’ varies in between (0;l;) the integrated
probabilitybecomes:

I
dexp(—(a;,. +a)ly) f a,.exp(—agl) exp(—al’) dl
0

dag, [1
a,.+a
- exp(_(asc + a)ll)]

= exp(_(asc + a)lz)

Finally taking into account probability to have photon path [, as
q(l)dl; and 1, as q(l;)dl, (again Markov process without
memory in the system considered) one obtains after integration
from zero to l,,,,, for both path stretches [, , the input from the
photons experienced one scattering event:

[1 - f(asc + a)]

¢1 (asc' a) = f(asc + a) ' Sasc a,. +a

Continuing in the same manner for two scattering events without
subsequent scattering and absorption:

[1 - flag + a)])z

a,.t+a

II)Z (asc' a) = f(asc + a) ' (sasc)z (

So the resulting probability can be again represented through
geometrical series:

1rb(asc' d) = Z 'pi (asc: a)
- f(@ye + @)

Tt - flas + )]

1-6

This formula turns into the expression for scattering only scenario
for a non-absorbing matrix (¢ = 0). A similar result can be
derived for the case of re-absorption instead of scattering:



fa, + a)
_Gre . [1 - f(a,, +a)]

a..+a
When re-absorption and scattering both exist in the system one
can show in a similar manner as above:

‘p(asc» are)

¢(are,a) =
1-6-QY-

f(aSC + are)

6-a,+6-QY a,. .
- ag, + Qe (1 f(asc + are))

1

A general solution for the optical efficiency g(@y, @y, @),
following derivations above, is:

f(aSC + are + a)

9= Sa,+6QY «
_ sc re _
- et (A= f@s + ap + @)






