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This document provides supplementary information to "Two-dimensional topological quantum 
walks in the momentum space of structured light," https://doi.org/10.1364/OPTICA.365028.  We 
provide technical details about materials and methods used for our experiment. We provide 
a description of the photonic modes that we exploit to perform our simulations, and describe 
more carefully the experimental setup. We describe technical aspects of the experimental 
methodology, and analyze in details the topological features of our quantum walk. Finally, 
we discuss limitations of our setup and possible solutions, and provide further experimental 
data.

1. PHOTONIC SPATIAL MODES FOR THE ENCODING
OF THE WALKER DEGREE OF FREEDOM

A. Gaussian modes encoding single walker positions

The state |m, φ〉 of a walker is encoded in our set-up in a light
beam described by Eq.1 in the main manuscript

|m, φ〉 = A(x, y, z)ei[∆k⊥(mx x+myy)+kzz] ⊗ |φ〉, (S1)

where m = (mx, my) are the integer coordinates giving the dis-
crete position of the walker, and the light’s polarization |φ〉
encodes the state of the coin of the walker. The spatial profile of
the beam is determined by the Gaussian envelope function

A(x, y, z) =
w0

w(z)
e
− x2+y2

w(z)2 eik x2+y2

2R(z) e−iξ(z), (S2)

where k = 2π/λ is the wavenumber, and the beam radius w(z),
the beam curvature R(z) and the Gouy phase ξ(z) are defined

as follows:

w(z) =w0

√
1 + (z/z0)2, (S3)

R(z) = z[1 + (z0/z)2], (S4)

ξ(z) = arctan(z/z0). (S5)

Here w0 = w(z = 0) is the beam radius at the waist position
z = 0, and the parameter z0 = πw2

0/λ is known as Rayleigh
range. In our experiment, we set w0 = 5 mm, which yields
z0 ≈ 120 m, so that across the whole QW setup (about 30 cm
long) the beam radius is approximately constant (w(z) ≈ w0),
and both the Gouy phase ξ(z) and the inverse beam curvature
1/R(z) are entirely negligible.

If we place a converging lens at the end of the quantum walk,
in the focal plane the field distribution is proportional to the
distribution of the transverse wavevector, that is:

A(X, Y) ∝
∫

Ω
A(x, y, d)ei[∆k⊥(mx x+myy)+kzd]ei(Xx+Yy)k/ f dxdy,

(S6)
where Ω is the transverse plane, d the distance of the lens from
the beam waist, f the focal length of the lens, and R = (X, Y)
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the spatial coordinates in the focal plane of the lens. It is well
known that, independently of the distance d, in the focal plane
the field intensity is proportional to the Fourier transform of the
field impinging on the lens, that is

|A(X, Y)|2 ∝
∣∣g(kx, ky)

∣∣2 (S7)

where g(kx, ky) is the Fourier transform of A(x, y), provided that
one sets X = kx f /k and Y = ky f /k. In the case of a Gaussian
beam, we have

|A(X, Y)|2 ∝ e

(
−2

(mx ∆k⊥−kX/ f )2+(my∆k⊥−kY/ f )2

w̃2
k

)
, (S8)

with w̃k = 2/w0. Thus w̃k is a measure of the radius of the
spots that appear in the focal plane, provided that one converts
the transverse momentum of the photons into a position on
the camera. The spatial position R on the camera is related the
transverse momentum of light by the relation

R =
f λ k⊥

2π
. (S9)

B. Extended wavepacket walker states and their optical imple-
mentation

As discussed above, attention must be paid to the beam radius
of modes |m〉. Indeed, once the lattice spacing ∆k⊥ is fixed, w0
must be selected so that the overlap between adjacent modes is
negligible. In our set-up, Λ = 5 mm and our choice of setting
the beam waist to w0 = 5 mm leads to an overlap between adja-
cent modes of around 0.8%. In general, initial states other than
localized ones can be prepared, such as for instance Gaussian
wavepackets |G〉 = N ∑m |m〉e−(m

2
x+m2

y)/σ2
G , where N is a nor-

malization factor and σG is the width of the overall Gaussian
envelope (in dimensionless units). In Fig. S1, we plot a 1D cut
of the corresponding beam-intensity wavevector profile versus
kx, at ky = 0 (blue curve), showing several peaks modulated by
a Gaussian envelope, each peak corresponding to a mode |m〉
included in the wavepacket. The QW dynamics of such an input
state is equivalent to that of a single Gaussian beam |Ψg〉, whose
beam radius is wg = 2/(σG∆k⊥). The preparation of such a
state is much simpler, since it requires a modulation of the beam
radius only, which is simply achieved with a confocal pair of
lenses. In Fig. S1 we provide a comparison between the intensity
distribution associated with |G〉 (blue curve) and |Ψg〉 (orange
curve).

In our experiments, we are particularly interested at
wavepackets N ∑m |m〉eiq0·me−(m

2
x+m2

y)/σ2
G , that include the

phase factor eiq0·m. Indeed, in quasi-momentum space these
feature a Gaussian distribution with σ̃G = 2/σG, peaked around
a specific quasi-momentum q0. Their expression reads

|Ψg(q0)〉 = N ′
∫

BZ

d2q
4π2 e

− (q−q0)
2

σ̃2
G |q〉, (S10)

where N ′ is a normalization factor, and BZ = [−π, π]2 is the
Brillouin zone. We want these beams to be sharply peaked, that
is σ̃G � 1, so that they approximate as much as possibile the
individual state |q0〉. Being the simulated quasi-momentum en-
coded in the physical transverse position r⊥, these wavepackets
are realized by standard Gaussian beams, whose central position
is set to r⊥ = −Λq0/(2π), and which are characterized by a
beam radius that is much smaller than the spatial period Λ.

In the focal plane of the lens, these beams display a contin-
uous distribution, as shown for instance in Fig. 3b in the main
manuscript. Being sharply peaked in the space of the walker
quasi-momentum, we expect them to cover multiple lattice sites
in the space of walker position. If one is interested in obtain-
ing the associated walker probability distribution, our standard
procedure described in Sec. S3 can be applied. However, in our
experiments, we are interested in detecting the wavepacket cen-
ter of mass, which can be determined by analyzing directly the
overall intensity pattern recorded by the camera.

As shown in the main text, we use these beams to prepare
photonic states:

|Ψg(q0,±)〉 = |Ψg(q0)〉 ⊗ |φ±(q0)〉 (S11)

where the coin part corresponds to the eigenstates |φ±(q0)〉 of
the effective Hamiltonian. These states are extremely useful to
probe the QW dispersion and the associated topological features
(see Figs. 3, 4 in the main manuscript).

2. DETAILS OF THE EXPERIMENTAL PLATFORM

A complete scheme of the set-up implementing our QW dy-
namics is reported in Fig. S2a. A laser beam is produced by a
Helium:Neon source with wavelength λ = 632.8 nm, and prop-
agates along the ẑ direction. We use a system of two lenses and
a pinhole (L1, Ph, L2) to set the beam waist to w0 = (5.0± 0.2)
mm or to w0 = (0.62± 0.02) mm, depending on our necessity to
start the walk with either “localized states” or “extended wave-
packets”, respectively (see Sec. 1 for further details on the spatial
features of the light beam). In the last stage of the preparation,
a polarizer and two waveplates (P,H,Q) are used to prepare a
given polarization.

The beam undergoes the proposed QW dynamics by passing
through a sequence of wave-plates and g-plates. In panels b and
c we display the combination of plates realizing the protocols U
and U−1, respectively. All operators are physically implemented
by thin optical plates, which allows us to mount them in a very
compact mechanical holder realized by a 3D printing technique.
The distance between consecutive steps is currently ' 2 cm, yet
it could be significantly reduced by optimizing the thickness of
the glass and of the plastic mounts. Within each plate, the active
layer containing liquid crystals (LCs) is 6 µm thick. The spatial
period of g-plates pattern is Λ = 5 mm, yielding a transverse
momentum displacement of ∆k⊥ = 2π/Λ = 1.26 (mm)−1, that
provides the spacing between neighbouring sites in our squared
lattice. In order to have each mode |m〉 entirely localized on the
associated site (mx, my), without “cross-talk”, the single-mode
beam radius w0 must be properly selected. In Fourier space,
where the lattice of walker positions is defined, these beams
are characterized by a radius wk =

√
2/w0. If one chooses

w0 ' Λ, one gets that the ratio between the beam radius (in
Fourier space) and the lattice spacing wk/∆k⊥ ' 1/π = 0.32
is sufficiently small and the overlap between adjacent modes is
negligible (see Fig. 1b in the main manuscript).

At the exit of the walk, two wave-plates and one polarizer
(Q,H,P) are used to analyze individual polarization components.
Finally a lens (L3) focuses the field on a camera that records the
distribution of light intensity, operating an all-optical Fourier
transform. In the focal plane, light is spread over several spots,
according to the walker distribution over the lattice. A single
image contains the overall probability distribution, and the latter
can be monitored in real time. Since the Rayleigh range of the
input beam is much longer than the total distance of the walk
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Fig. S1. Gaussian wavepackets. Comparison between the intensity distribution I(kx) (we set ky=0) of the wavepacket states |G〉
(blue curve), with σG = 2.5, and of a single Gaussian mode |Ψg〉 (orange curve), whose beam radius in Fourier space is σ̃G = σG∆k⊥.
In this plot, individual modes |m〉 contained in |G〉 are characterized by their actual beam radius wk = 0.23∆k⊥.

(see Sec. 1), the latter takes place in the near field and the beam
remains collimated.

3. EXTRACTION OF THE PROBABILITY DISTRIBU-
TIONS FROM THE INTENSITY PATTERNS

When injecting modes with beam radius w0 ' 5 mm, at the end
of the walk we record the light intensity in the focal plane of
the camera, that is distributed over many spots corresponding
to the walker lattice sites. The probability distribution of the
associated quantum walk can be extracted by measuring the
amount of light in each region. In principle, the lattice site
positions on the camera could be determined by (i) individuating
the axes origin (0, 0) (setting all g-plates at δ = 0, so that a single
spot appears on the camera), and (ii) determining the expected
positions of the other sites in terms of the spacing ∆k⊥. However,
imperfections of all plates can cause small deviations between
actual spot positions and the expected ones. For instance, one
contribution can be ascribed to undesired modulations in the
g-plates patterns, that can be modelled by the local optic axis
orientation α(x, y) = α0 + (∆k⊥/2)x + ε(x, y), where ε(x, y) is
a small random error. Another source of errors can be a small
tilt in the polarization gratings, so that the coordinate x in α(x)
should be replaced by x′ = cos(θ)x + sin(θ)y (with θ small, and
different for each grating).

To improve the calibration procedure, we follow therefore a
different approach, which is illustrated in Fig. S3. Let us first
consider the 1D set-up defined by the single step operator Ux =
Tx(δ = π) · Hwp, where Hwp is a half-waveplate (that can be
described by the operator σx). The particle dynamics, shown
in Fig. S3a, is indeed very simple: at each step the positions of
L/R polarized components are shifted respectively by ±1. If we
start with a linearly polarized input beam, in the following steps
we will see two spots (with opposite circular polarizations),
which will be located, at the time t, at the effective positions
mx = t and mx = −t, respectively. In this way we reconstruct
the coordinates of each site by performing Gaussian fits for
the two spots. By repeating the same analysis with the protocol
Uy = TyW we measure the y coordinate of each site. In the actual
set-up, we can realize both protocols Ux and Uy by turning
off (δ = 0) plates Tx or Ty. After the site coordinates have
been determined, we draw squared regions around each point
(see Fig. S3b). Light detected within one of these regions is

automatically associated to the corresponding lattice sites. By
integrating the light intensity measured within each square, and
by dividing each of these values by their total sum, we obtain
a properly normalized probability distribution for the walker
position (see Fig. S3c).

4. OPERATORS IN QUASI-MOMENTUM SPACE AND
DISPLACEMENT OF A WAVEPACKET IN THE PRES-
ENCE OF A CONSTANT FORCE

We analyze the building blocks of the quantum walk in the
reciprocal quasi-momentum space. For the W operator defined
in Eq. 5 of the main text, the expression remains the same, as it
does not depend on the position:

W = ei π
4 σx =

1√
2

 1 i

i 1

 , (S12)

where the basis of the polarization space has been chosen to be
{|L〉, |R〉}.

The operator Tx can be obtained by the operator described
in Eq. 2 in the main text. By inserting the explicit expression of
the angle α(x) = xπ/Λ + α0, one obtains the expression of Tx
in momentum space:

Tx(qx) = ei δ
2 (cos(qx)σx−sin(qx)σy) =

=

 cos(δ/2) ieiqx sin(δ/2)

ie−iqx sin(δ/2) cos(δ/2)

 , (S13)

and similarly for Ty:

Ty(qy) = ei δ
2 (cos(qy)σx−sin(qy)σy) =

=

 cos(δ/2) ieiqy sin(δ/2)

ie−iqy sin(δ/2) cos(δ/2)

 , (S14)

where we used the mapping qx = −2π x
Λ , qy =

−2π y
Λ and we set

α0 = 0. This allows one to use the standard convention for the
normalized plane waves:

〈m|q〉 = eiq·m

2π
, (S15)
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where q is the quasi-momentum of the walker and m is its
position on the 2D lattice, according to the convention chosen in
the paper.

As discussed in the main text, in quasi-momentum space the
single step operator is

U(qx, qy, δ) = Ty(qy, δ)Tx(qx, δ)W = exp
(
−iHeff(qx, qy, δ)

)
,

(S16)

where Heff(q) = ε(q)n(q) · σ is the effective Hamiltonian, ε(q)
is the quasi-energy and n(q) is a unit vector representing the
system eigenstates on the Bloch sphere. The quasi-energy ε(q)
is given by:

cos ε =
1√
2

(
A2 − AB(cos(qx) + cos(qy))− B2 cos(qx − qy)

)
(S17)

while the components of n(q) are

nx =
−A2 − AB

(
cos(qx) + cos(qy)

)
+ B2 cos(qx − qy)√

2 sin ε

ny =
−AB

(
sin(qx) + sin(qy)

)
+ B2 sin(qx − qy)√

2 sin ε

nz =
−AB

(
sin(qx) + sin(qy)

)
− B2 sin(qx − qy)√

2 sin ε
. (S18)

In these equations we defined the quantities A = cos(δ/2) and
B = sin(δ/2). By looking at Eqs. S17-S18 it is clear that the
effective Hamiltonian cannot be expressed as the sum of two
terms acting along orthogonal directions, i.e., it is not separable.

The operator implementing the potential of the constant di-
mensionless force, Fxm̂x, can be regarded as a translation of
the walker’s quasi-momentum component qx of a quantity Fx
at each step. This operation is nondiagonal in momentum
space, so the step operator in momentum space is described
by 〈q′|Ũ(t)|q〉 = Ũ(q′, q, t), where Ũ(q′, q, t) is a 2 × 2 ma-
trix operating in coin space only. In turn, the latter is given by
Ũ(q′, q, t) = δ(q′x − qx + Fxt)δ(q′y − qy)U(qx + Fxt, qy), where
δ(·) denotes a Dirac delta function and U = e−iHeff is the step
operator in coin space for a given quasi-momentum q = (qx, qy)
for a vanishing force. We also have

U(qx + Fxt, qy) = Ty(qy)eit Fx
2 σz Tx(qx)e−it Fx

2 σz W. (S19)

The operator eit Fx
2 σz Tx(δ, α0)e−it Fx

2 σz = Tx(δ, α0 − tFx/2) =
L(δ, πx/Λ + α0 − tFx/2) is obtained by shifting a g-plate
by ∆x = tFxΛ/(2π) along the x axis, which corresponds to
the transformation x → x − ∆x. The same reference-system
transformation realizes also the operation qx → qx + Fxt in
quasi-momentum space.

In the adiabatic limit within the single band approximation,
the semi-classical equations of motion of a wave-packet initially
peaked around an energy eigenstate eiq0·m0 |φ±(q0)〉 read [1, 2]

ṁi = ∂qi ε±(q)− q̇jΩ
(±)
ij (q), (S20)

q̇i = Fi.

Here {i, j} ∈ {x, y}, ± denote the upper/lower band, ε±(q) =

±ε(q) is the quasi-energy dispersion and Ω(±)
ji (q) = −Ω(±)

ij (q)
is the Berry curvature

Ω(±)
xy (q) = i

[
∂qx 〈φ±(q)|∂qy φ±(q)〉 − ∂qy 〈φ±(q)|∂qx φ±(q)〉

]
,

(S21)
where the |φ±〉 are the eigenvectors of the Bloch effective Hamil-
tonian Heff

Heff(q)|φ±(q)〉 = ε±(q)|φ±(q)〉. (S22)

In our two-band system, the Berry curvature can also be
written as [3]

Ω(±)
xy (q) = ±1

2
n(q) ·

[
∂n
∂qx
× ∂n

∂qy

]
, (S23)

n(q) being the unitary vector giving the Floquet Hamiltonian
Heff(q) = ε(q)n(q) · σ. Therefore, for a force in the x-direction,
the semi-classical equations of motion for a wavepacket center-
of-mass read

ṁ(±)
x = ∂qx ε±(q) (S24)

ṁ(±)
y = ∂qy ε±(q)− FxΩ(±)

yx (q) = ∂qy ε±(q) + FxΩ(±)
xy (q).

(S25)

We now sum the displacement of the wavepackets located on
a grid qx,y = −π + 2πi/N, where i = 1...N. In the limit of
N → ∞, the mean displacement of the sum of the wavepackets
corresponds to the average displacement of a filled band, i.e.,

〈∆mx(t)〉(±) = 0 (S26)

〈∆my(t)〉(±) =
Fxν(±)

2π
t, (S27)

where the Chern number of the ±-th band is defined as:

ν(±) =
1

2π

∫
BZ

d2q Ω(±)
xy (q), (S28)

One finds that the Chern number of the lower band for δ =
π/2 is ν(−) = 1, so that the displacement will be positive and
proportional to time in the transverse direction for a positive
force. By numerical tests, we have confirmed that a finite grid
with 11× 11 points in the BZ is sufficient in our system to obtain
a good approximation of the continuous integral over the whole
BZ.

As discussed in the main text, to provide a more accurate
read-out of the Chern numbers of our QW, we also measured
the displacements for the inverse protocol U−1. This is obtained
by properly tuning the plate retardations. Since L(δ1)L(δ2) =
L(δ1 + δ2) and L(2π) is the identity operator (up to a global
phase factor), the inverse operator is simply L−1(δ) = L(2π− δ).
Recalling that W = L(π/2, 0) [see Eq. 2 in the main text] and
that U = Ty(δ)Tx(δ)W, it is straightforward to show that U−1 =
L(3/2π, 0)Tx(2π − δ)Ty(2π − δ).

5. TOPOLOGICAL CHARACTERIZATION

In static models, the bulk-edge correspondence guarantees that
no edge modes may be present when all bands have trivial
topological invariants. However, our QW protocol is described
by an effective Floquet Hamiltonian. Depending on the values
of δ, our effective Hamiltonian may or may not be deformed
continuously into its static counterpart [4–6]. In particular, this
can lead to regimes where the topological invariant of the static
system, the Chern number, does not describe completely the
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topology of the system and does not predict the presence of
protected topological edge states.

In the present work, for example, we measured the anoma-
lous displacement of the system for two values of the parameter
δ, namely δ = π/2 and δ = 7π/8, associated respectively with
Chern numbers ν(∓) = ±1 and ν(∓) = 0. As we will see in a
few lines, the latter case displays protected edge modes, even
though all its bands have trivial topological invariants.

The bulk-edge correspondence of such systems was studied
in detail by Rudner et al. in Ref. [5]. In the specific case of our
model, characterized by two bands which are symmetric around
zero quasi-energy, edge states may appear independently within
the gap centered at quasi-energy 0, or within the gap at quasi-
energy±π. For definiteness, figure S4a shows the Chern number
of the lowest band ν(−), together with the topological invariants
W0 and Wπ , which count, respectively, the number of pairs
of edge modes in the 0-energy and π−energy gaps. Ref. [5]
provides their analytical expression, which is rather involved,
but nonetheless straightforward to compute.

To see the emergence of edge states, Figs. S4b,c,d show the
spectrum of our model on a cylinder which is open (closed)
along the direction x (y), for three values of the optical retar-
dation δ = π/8, π/2, and 7π/8. In the vicinity of δ = 0 both
bands have trivial Chern numbers, and no edge states are vis-
ible (see Fig. S4b). As δ is increased further, a first gap closing
happens at quasi-energy 0 when δ = π/4. As the gap re-opens,
a pair of protected edge modes appear around zero-energy, and
the Chern numbers switch from 0 to ±1 (see Fig. S4c). The next
gap closing happens at quasi-energy ±π when δ = 3π/4. Upon
re-opening of this gap, another pair of protected edge modes
appears inside it, and the Chern numbers switch back from ±1
to 0 (see Fig. S4d).

The work by Rudner et al. [5] in particular showed that the
Chern number is related to the number of 0 and π edge modes
by ν(−) =W0−Wπ . We computed numerically these invariants
for our model, and we correspondently recovered the bulk-edge
correspondence, as can be seen in Fig. S4a.

6. SUPPLEMENTARY DATA

In Figs. S5-S9, we show supplementary data supporting our
results described in the main text.

7. POSSIBLE DEVIATIONS FROM THE IDEAL QW EVO-
LUTION

During propagation through the QW set-up, effects related to
free space propagation of modes |m〉 can act as perturbations
to the ideal QW dynamics. In this section we describe the main
phenomena that can take place in our system, and investigate
their effect with the help of a numerical analysis. For simplicity,
we will refer to a 1D QW, where modes |m〉 are characterized by
a single integer mx = m.

There are essentially three “undesired” effects that may arise
when considering the tilt in propagation direction inside the
quantum walk:

1. At the end of the quantum walk, to each value of k⊥ will
correspond a superposition of waves that have followed
different paths in the wavevector space, as illustrated in Fig.
S10a. These trajectories are actually associated with differ-
ent optical paths. Associated relative phases are absent in
the ideal QW dynamics and can modify the interference of

the wavefunction components. To simulate this, the final
amplitude of each mode |m〉 can be calculated as the sum
of all components related to these optical paths, multiplied
by their relative phase. When propagating between two
consecutive timesteps, mode |0〉 and a different mode |s〉
accumulate a phase delay ∆φ1 ≈ (πλds2)/(Λ2), where d is
the distance between consecutive steps.

2. The two beams considered in Fig. S10a, that exit the walk
in the same mode with m = 0, have an imperfect overlap
that makes them partly distinguishable, since they are prop-
agating along axes that are parallel but laterally displaced.
These modes have a finite extension, and the absence of per-
fect spatial overlap results in a reduction of the interference
visibility, similarly to a decoherence effect. Referring to the
case presented above, between consecutive timesteps the
two modes accumulate a lateral shift |∆x| = dλs/Λ.

3. A tilted beam hits two consecutive g-plates at points that
have a relative shift. Eq. 4 in the main text, describing the
action of a g-plate, is derived by considering a Gaussian
beam that hits the plate with its central position at (x, y) =
(0, 0). If the beam center is displaced by ∆x, Eq. (4) in the
main text remains valid after replacing α0 with α′0 = α0 +
∆x π/Λ, which represents the effective LC orientation at the
beam central position. By looking at Eq. (4) in the main text,
we can observe that this effect results in additional phases
accumulated by modes |m〉 during propagation, which have
to be added to the phases associated with the different path
lengths (see the previous point 1).

All these effects are estimated to be negligible for our setup. To
make a quantitative check, in Fig. S10b, we provide a compari-
son between an ideal QW evolution and the simulation of the
real beam propagation through our set-up, by taking into ac-
count effects described in points (1-3) and using the real system
parameters. After 10 steps of a 1D walk, we observe no signifi-
cant deviations. This guarantees that also 5 steps of a 2D would
not suffer any deviations. Indeed, such effects strongly depends
on the typical order of the modes that are excited during the
walk, which is of course limited by the highest possible order. In
the first case, when starting from a localized input, the highest-
order mode that can be excited has |m| = ±10. In the 2D case,

highest-order excited modes have |m| =
√

m2
x + m2

y = 5
√

2 ≈ 7.

In prospect, when increasing the number of steps, we expect
these systematic deviations from ideality to become progres-
sively more relevant. On the other hand, if needed, these issues
could be tackled by (i) changing the system parameters, in par-
ticular increasing Λ and reducing the step distance d, or (ii) by
adopting a loop architecture combined with an imaging system.
Indeed, by imaging the output of each step to the input of the
following one, all the effects discussed above can be eliminated.
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Fig. S2. Details of the experimental set-up and protocols. a. Sketch of the experimental set-up. The waist of a laser beam emitted
from a He-Ne laser is modified with a pair of convex lenses L1 and L2, with focal lengths f1 and f2. A pinhole (Ph), placed in the
common focus of the two lenses, is used as spatial filter to erase higher-order spatial frequencies. The polarization of the input
state is selected by means of a polarizer (P), a half-wave plate (H) and a quarter-wave plate (Q). These wave plates are mounted
on motorized rotation stages allowing for automatic selection of the coin states. After the QW an additional set of waveplates can
be used to analyze the probability distributions of specific polarization components. The probability distribution is visualized
by focusing the laser beam on a camera with a lens L3 of focal length f3 = 50 cm. b. A single step of our QW with protocol U is
obtained by cascading three optical plates: a spin rotation W, followed by a coin-conditioned translation along x and another along
y, with optical retardations δ as indicated below every device. c. Set-up yielding a single step of the inverse protocol U−1.
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Fig. S3. Extracting probability distributions from the recorded intensity patterns. a, Sample intensity patterns obtained with the
simple protocol U = Sx(π) · Hwp. An input linearly polarized state is split into two spots with opposite circular polarizations. At each
step these spots are shifted by a quantity corresponding to the equivalent of a lattice spacing. This process can be used to identify
the coordinates of the lattice sites on the camera, getting rid of some of the experimental imperfections explained in the text. Panels
b and c show the procedure used to extract the probability distributions from the intensity patterns. The red squares in b represent
the regions over which we obtain the total intensities (= powers) associated to specific lattice sites (since the single spots occupy a
small number of pixels there is no substantial difference in using square or circular integration regions). Normalizing to 1 the sum
of all these intensities we obtain the probability distribution shown in panel c.
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Fig. S4. Complete topological characterization of the QW protocol and bulk-edge correspondence. a. Phase diagram of our QW
protocol showing the Chern number ν and the topological invariantsW0,Wπ defined in Ref. [5]. b-c-d. Quasi-energy spectra
computed on a cylinder open along x for δ = π/8 (b), δ = π/2 (c) and δ = 7π/8 (d). The color scale depicts the function
λ = log10(1 − 〈|x̂|〉ψ/N), which indicates the degree of localization of each state ψ. The two edges of the cylinder are located
at mx = −N and mx = N, so that lighter points denote bulk states, while darker points denote states that are closer to the edges.
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Fig. S5. 2D QW for input polarization |A〉 = (|L〉 − i|R〉)/
√

2. Spatial probability distributions for a quantum walk with initial
condition |0, 0, A〉 and optical retardation δ = π/2. From left to right, we display results after 0 to 5 evolution steps. Datapoints are
averages of four independent measures.
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Fig. S6. 2D QW for input polarization |L〉. Spatial probability distributions for a quantum walk with initial condition |0, 0, L〉 and
optical retardation δ = π/2. From left to right, we display results after 0 to 5 evolution steps. Datapoints are averages of four
independent measures.
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Fig. S7. Group velocity detection. Measurement of the y component of the group velocity v(+), for the upper band of a QW with
δ = π/2. Each datapoint is obtained from a linear fit of the center of mass displacement of a Gaussian wavepacket.
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Fig. S8. Anomalous and individual displacements for protocols U and U−1 We report experimental data compared with theoret-
ical simulations of the wavepacket evolution of the anomalous 〈∆my〉(−) and longitudinal 〈∆mx〉(−) displacements, obtained for
the protocols U and its inverse U−1. a Results for δ = π. b Results for δ = 7π/8. In both panels the blue lines correspond to simu-
lations for displacements along y (continuous line for U and dashed for U−1) while the red lines are simulations for displacement
along x (continuous line for U and dashed for U−1). Subtraction of these data allows to retrieve the results in Fig. 4 of the main text.
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Fig. S9. Wavepacket displacements for larger values of the force. Band-averaged wavepacket displacements in the x and y di-
rections, for F = π/10 (filled markers) and F = π/5 (empty markers), obtained combining measurements from the direct and
inverse protocols, with δ = π/2, for the lower band. Datapoints are experimental data, the continuous lines represent semi-classical
predictions.
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Fig. S10. Deviations from the perfect simulation of a QW process. a, At the input of the 1D QW we have a single beam with
k⊥ = 0, localized at the lattice site m = 0. At the exit of a 6-steps QW, we consider two contributions to the final wavefunction
at site m = 0. One is resulting from the part of the input state that has been left unchanged (red). The second has gained ∆k trans-
verse momentum at the first three steps, and then has acquired opposite momentum at steps 4 to 6 (black). At the exit of the walk,
also this component corresponds to the lattice site m = 0. However, the associated beams have some differences, which repre-
sent deviations from the ideal QW; being related to the same lattice site, they should be identical. First, they exit the walk laterally
displaced by ∆x, and the lack of overlap may reduce the interference, similarly to a decoherence effect. Second, the upper beam
suffered a longer optical path, hence it accumulated a relative phase with respect to the central one. Finally, at each g-plate, the
effective value of α0 changes at each step for the deflected beam. b, Numerical simulation of a 1D walk with protocol U = TxW,
for δ = π/2 and for an input state |0, R〉 (green columns), compared to a theoretical predictions of the ideal QW dynamics (red
columns). After 10 steps differences are minimal.
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