High-order nonlinear dipole response characterized by
extreme ultraviolet ellipsometry
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S1. Energy-resolved EUV polarimeter

We report what we believe to be the first all-optical energy-
resolved EUV polarimeter, which differs from previously
published results [1,2] in which only monochromatic light could
be measured. Adding one diffraction element and recording all
spectral responses (see Fig. S1) allows us to resolve all
polarization information of the broadband harmonics from HHG.
It takes = 1 min to complete one polarization characterization of
all harmonic orders.

The Stokes vector that describes the complete polarization
state of the electromagnetic wave has four parameters as
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in which Sy, Sy, S5, S5 are the four Stokes parameters, I is total
intensity of the beam, I, ¢ and y are spherical coordinates of the
three-dimensional vectors. When the beam is reflected by a
polarization-altering component such as the gold mirrors in our
polarimeter, the additional phase shift and amplitude reflectance
between s- and p-polarizations that come from this component
can be represented with a Mueller matrix, which is expressed as
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in which Mueller matrix M is defined to transform the incident
Stokes vector into the exiting Stokes vector, r;, and 7; are the
amplitude reflectances for p- and s-polarizations, and &, and &
are the phase shifts for p- and s-polarizations. Moreover, each
chamber rotates through its angle during the measurement, so
the rotation matrix is applied for the variation of the original
coordinates of the incident measured light source.
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Fig. S1: Ellipticity-tunable HHG and energy-resolved EUV polarimeter. Top view of the experimental setup of the polarimeter in the HH
ellipsometry study. BS: beam splitter, FS: fused silica for dispersion compensator, HWP: half-wave plate, QWP: quarter-wave plate.



After passing through two chambers and one curved grating, the
Stokes vector of the output light field is expressed as
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in which A4 and B are the rotation angles of two mirror sets. After
applying the Mueller and rotation matrices and expanding all
matrix chains, the output intensity is obtained as
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in which K is a constant parameter of the system. As there are
nine unknowns — K, S;/Sy,S2/S0,S3/S0, V1, Y2 V3, A1, A5, their
solution requires at least nine equations, which are created on
rotation angles 4 and B of the two chambers as shown in Fig. S1.
In our experiments, we implemented over-sampling on taking a
16-[A, B]-angle combination of [0, 0], [0, /4], [0, /2], [0, 3w /4],
[/4,0], /4, /4], [/4,7/2), [/4,3m/4], [ 7/2,0], [ /2, /4],
[m/2,m/2], | c/2,3c/4], [3/4,0], [3n/4, /4], [3n/4, /2] and
[37 /4,3 /4] with respect to the horizontal plane of the optical
breadboard. We then applied these 16 intensities to a genetic
algorithm to minimize the deviation of those 16 observations
from the theoretical values using Eq. (7). Last, the retrieved
Stokes parameters (53, S,,S3) determined ellipticity ¢, helicity,
tilt angle 7, and degree of polarization p as
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Fig. $2: Validity of an energy-resolved polarimeter; comparison
of two EUV transmission curves vs. rotation angle of two rotating
chambers proves the validity of the polarimeter. The blue line is
the recorded transmission of harmonic 21 at the rotation
condition A = B with increasing step 15°. The red dashed line is
generated from the Mueller matrix calculation based on
parameters retrieved from another individual experiment.
Further details are given in the text.

The amplitude ratio and phase shift between p- and s-
polarizations for the first and the second rotation sets, together
with the amplitude ratio induced by the grating can be solved
simultaneously (i.e., y; and 44, y, and 4,, and y3).

To confirm the validity of the novel energy-resolved
polarimeter, we undertook a comparison on performing two
individual experiments. The first experiment was to record the
transmission of one specific harmonic in a particular rotation
sequence of A and B. In this example, we sampled 24 points of
the transmission of harmonic order 21 on rotating two chambers
incrementally at the condition A = B in 360°. The blue line in
Fig. S2 presents the EUV transmission as a function of rotation
angle A (or B). The second experiment was performed to
measure the transmission at harmonic order 21 at the 16-[4, B]-
angle combination of [0, 0], [0, = /4], [0, /2], [0, 3w /4], [®/4,0],
[m/4,m/4], [r/4,m/2], [m/4,3nc/4]), [®/2,0], [ /2, /4], /2, =t/
2], [ m/2,3n/4], [3r/4,0], [3n/4,m/4], [3n/4,m/2] and [3m/
4,3m/4]. Then listing these 16 equations based on Eq. (7), we
solved and retrieved the polarization state of harmonic order 21,
while also obtaining all other unknown parameters of the
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Fig. S3: Spectra of elliptically polarized HHG. Harmonic

emissions from non-collinear geometry in Ar, Kr and Xe driven

by crossing two 35-fs 800-nm pulses.



Table S1. Parameters of the driving IR fields used in this HH ellipsometry work

. . Average peak Peak intensity
. Peak intensity on the focal | . - .
Pulse energy of Ellipticity of two 1 intensity difference
Gas || each IR beam (/) | counter-rotating IR ?1?)?‘?W/cm2) (irs + lirp)/2 Alig = Iigs — Iirp
EIR (1014 W/cm?) (1014 W/cm?2)
Iig s Iirp
0.9 3.11 2.52 0.59
Ar 130 0.8 3.43 2.20 2.82 1.24
0.7 3.79 1.85 1.93
0.9 2.87 2.33 0.55
Kr 120 0.85 3.02 2.18 2.6 0.84
0.8 3.17 2.03 1.14
0.95 2.27 2.04 0.22
Xe 100 0.9 2.39 1.93 2.16 0.45
0.85 2.51 1.81 0.70

amplitude ratio and the phase shift from two rotation sets, and
the amplitude ratio of the EUV grating between p- and s-
polarizations. Based on those retrieved parameters, the red
dashed curve in Fig. S2 was generated from the Mueller matrix
calculation (Eq. (6)), according to the angle sequence of the first
experiment, in which A = B. The two curves match satisfactorily
in the polar diagram, directly proving the validity of the energy-
resolved EUV polarimeter implemented in this study.

S2. Driving laser fields vs. HH polarization in Ar, Kr and
Xe

Two elliptically polarized fundamental beams with the same

ellipticity and tilt angle but opposite helicity were focused into a

gas jet non-collinearly as shown in Fig. S1. In this work, the pulse
energy of the two IR arms was carefully tuned to be identical,
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being 130, 120, 100 pJ for HHG in Ar, Kr, Xe, respectively. The
average peak intensity of the crossing beam on the focal plane
was estimated to be 2.82 x 104, 2.6 x 104, 2.16 x 10** W/cm?
in Ar, Kr, Xe as listed in Table S1. Fig. S3 shows one of their
harmonic spectra. Fig. S4 presents polarization scaling of HH
pulses in Ar, Kr and Xe vs. €.

$3. Beam divergence of elliptically polarized HH

Fig. S5 shows the beam profiles of EUV beams driven by IR with
ellipticity ;5 = 0.9 and 0.8 in Ar, Kr and Xe. It is clear that high-
order diffraction patterns appear when a small ellipticity of
driving pulses is applied. As slightly elliptically polarized IR light
made a stronger high-harmonic dipole modulation in both
intensity and phase, as one grating in the focal plane through
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Fig. S4: Polarization scaling of HH pulses in Ar, Kr and Xe. The polarization states of the input IR (yellow area with black dashes) and
output HHG EUV (green lines for Ar, blue for Kr and red for Xe) were measured with the IR polarization analyzer and the energy-resolved
EUV polarimeter, respectively, and are depicted in the polar plots, with a table indicating the observed ellipticity ¢, tilt angle T and degree
of polarization p varying with ;. The color gradient presents the various harmonic orders g.
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Fig. S5: Far-field HH beam profile. The beam profiles of left- and
right- handed elliptically polarized high harmonic pulses driven
by IR with ¢,z = 0.9 and 0.8 in (a) Ar, (b) Kr and (c) Xe.

the transverse direction. Especially for Xe, even the third-order
diffraction was clearly observed when HH radiation was driven
with g = 0.8. The reason is that both amplitude and phase of
high-harmonic dipole scale vary more rapidly with the driving
field in a gas of smaller ionization potential. In Ar, the intensity
of the first-order diffraction of HH contained 91 % of the total
harmonic yield when driven with & = 0.9, whereas the energy
ratio of the first order dropped to 83 % when driven with ¢z =
0.8. In Kr (Xe), the energy ratio decreased from 83 % (80 %) to
73 % (70 %) using €z = 0.9 and g = 0.8, respectively. In
contrast, the resulting EUV radiation became more linearly
polarized. On comparing these results, the EUV ellipticity in Xe
was always the least.

About the beam profiles of the first diffraction order, the
divergence of the emitted harmonics varied little with IR
ellipticity ;5. We refer the reader’s attention to the divergence
comparison of HH in varied gaseous species. The divergence of
HH radiation was observed to increase in the order Ar, Kr, Xe.
This observation also shows a satisfactory agreement with the
conclusion from the main text. Because both g.;; and a are
larger for Xe (Fig. 3 in the main text), a Gaussian profile of the
fundamental would produce the HH emission of smaller size,
together with a larger wavefront divergence (a larger phase
advance shift) in Xe among them.

S4. Macroscopic IR propagating effect in non-collinear
HHG

In the focal plane, the interference of two fundamentals leads to
local E-field vectors that rotate across direction x. In such a
configuration, Ejg,, is always stronger than Ejg  if € <1 (one
example is given in Fig. S8). In the focal plane, at the location at
which Ejg, dominated, the local intensity increased. Two
possible nonlinear effects might induce an additional phase shift
between Ejp , and Ejg ,: i) plasma-induced change of refraction
index and ii) self-phase modulation (SPM). To verify whether the
IR propagating effects played a crucial role in polarization
control of HHG, we performed two pressure-dependent
experiments driven by IR pulses with & = Ejg »/Ejg, = 0.85.
The reason is that the change of refraction index induced by
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represent the experimental pressure-tuned HHG yield as a
function of pressure, when driven by IR with &z = 0.85 in the
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fit using y = ¢ X p?, in which y is the observed HH yield, cis a
parameter and y is the pressure-dependent power factor.
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Fig. $8: Calculated snapshot of the driving IR vectors in the focal
plane. E-field vectors on focusing two identical elliptically
polarized IR beams with equal ellipticity and intensity but
opposite helicity. Based on experimental parameters, the IR
focus is a Gaussian distribution with waist w, = 40 pm. The half-
crossing angle between the two non-collinear IR beams is 20.9
mrad. I, represents the peak intensity of the focus. In this
calculation, & is 0.9.

those two nonlinear effects is proportional to the backing
pressure. The first experiment was to measure the HH yield as a
function of backing pressure, as shown in Fig. S6. It clearly
presents that every order of HHG in Ar, Kr and Xe exhibits a
quadratic dependence on pressure, indicating that the plasma
has no influence on propagation of the fundamental beams.

The second experiment consisted of identifying whether the
resulting polarization state varied with pressure. Fig. S7 clearly
shows that the resulting polarization state of HHG was not
associated with the backing pressure. We observed that, under

backing pressures 18 and 30 psi, the resulting HH beams had
almostidentical polarizations, as recorded by the 16-[A, B]-angle
combination.

According to those two experiments, we concluded that the
polarization control results presented in this work can not be
attributed to an IR propagation effect.

S5. Retrieval of single-atom scaling parameters in
amplitude and phase (q.s and a) from the far-
field polarimeter observations (ggyy and 1)

IR laser amplitude E,, half-crossing angle ¢ and ellipticity €5
were well calibrated experimentally for the retrieved input. With
two identical elliptically polarized IR beams focused with equal
ellipticity and intensity but opposite helicity, Fig. S8 plots one
example of the calculated IR vectors in the focal plane.

Each local linearly polarized IR field produced linearly
polarized HH emission in the near field based on the dipole
response of harmonic order q as a function of the laser field as

Egyy(Iig) < Ag(L1r) eXp[qu (IIR)]

12
= [;g %/ 2 exp[—iljpal (12)

in which g, is an effective order of nonlinearity, and 6, (/;z) =
—I;gra is the phase of harmonic order g [3-5] , while the vector
direction of Egyy follows that of Ejp.

The far-field response was obtained on considering an
infinitely thin medium and summing the contributions of all
atomic emissions located in the plane of generation based on Eq.
(12), following the Huygens-Fresnel principle. The state of
polarization of HHG in the far field is a coherent sum of Egs. (1)
and (2) in the main text for p- and s-polarizations, resulting in
two main diffraction EUV beams in the direction of ¢/q, from
which we calculated ellipticity egyy cai(qerr,@) and tilt angle

Tcal(Qeffv a).
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We defined a fitness function that describes the sum of
deviations in gy, and T between theoretical calculation and
experimental polarization measurement as

Fitness(qesr, @)= (13)

1

EEUV.cal(qeff' a) - EEUV.exp]Z + [Tcal(QEff' a) — Texp ’ ’

2! il 180

in which egyy oxp and T,y are the observed experimental EUV
ellipticity and tilt angle. While considering different units in egyy
and 7, the two deviations are normalized by their maximum
values egyy = 1 and t = 1809, respectively. Parameter c; is a
weighting factor between those two deviations. Fig. S9 uses c1=1.
By directly calculating two-dimensional Fitness(qers, @) and
seeking the maximum value and its index location of gz and a,

we observed one robust main peak in the range q.ss from 0 to
15, and a from 1 to 20 (Deg./( 1013 W/cm?)). Note that a change
of weighting factor c¢; barely alters the peak locations. Their
peak values are of order ~ 10° (deviations ~ 10~?), indicating
stable and excellent fitting results.

Fig, S10 presents all retrieved single-atom scaling
parameters in amplitude and phase, q.s; and a, based on
observations of €y and t (Fig. S4 and Fig. 2 in the main text)
driven by varied ¢z and intensities (Table S1) in three gases.
The statistics of all retrieved q,fr and a are presented in Fig. 3
in the main text.

Based on those retrieved q.ss and @, the amplitude ratio
(Eguvp/Eguv.s) and the phase shift (0gyy , — Opyy.s) induced by
the peak of two perpendicular fundamentals, Ejgs and Ejg ),
(located at two separate positions marked in the main text Fig.
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Fig. $12: Simulation results of EUV ellipticity and tilt angle in Ar. (a) EUV ellipticity gy, and (b) tilt angle 7 as a function of IR ellipticity
&g calculated through the SFA quantum (dashed line for the right-handed helicity, dotted-dashed line for the left-handed helicity) and

TSM (solid lines), for harmonics 15 (green), 17 (pink) and 19 (blue).

1(b)) were calculated vs. their intensity difference Al;p = I;z 5 —
I1rp, as presented in Fig. S11.

S6. Ellipticity and tilt-angle results from theoretical
simulations

To validate the dipole phase (a) and power scaling (q.sf)
coefficients retrieved from experimental HH ellipsometry, we
present in this section theoretical simulations from two distinct
and complementary models.

I) First, we used the thin-slab model (TSM) [6,7]. In this
simplified description, the target is represented by a thin
(2D) slab placed at the transverse focal plane, where the
high-order harmonics are emitted. From the strong-field
description, we consider that the harmonic amplitude
corresponds to power sy of the fundamental amplitude;
the harmonic phase presents an additional non-perturbative
phase, the so-called dipole phase, which is proportional to
the intensity of the fundamental field through strong-field
parameter a/, which depends on quantum path j followed by
the electronic wave packet in the HHG process. To calculate
the harmonic emission in the far field we used Fraunhofer
diffraction. A complete description of this model can be
found in Refs. [6,7]. Remarkably, this TSM has been used to
reproduce the polarization control of high-order harmonics
in a non-collinear geometry [8].

II) Second, we performed quantum strong-field approximation
(SFA) calculations including propagation through the
electromagnetic field propagator [9]. The dipole acceleration
at each atom in the target is calculated through the quantum
strong-field approximation (SFA) [10-12], without resorting
in the saddle-point approximation. The macroscopic far-field
harmonic emission is computed as the coherent addition of
that of each elementary radiator at the target. The high-order
harmonic radiation is assumed to propagate towards the far
field with a phase velocity equal to the speed of light.
Propagation effects of the fundamental field are taken into
account. This method has been already used to reproduce the
polarization control in the non-collinear HHG geometry
[8,13,14].

In Fig. S12 we present the theoretical results in Ar obtained
from the TSM and the quantum SFA simulations for (a) EUV
ellipticity egyy and (b) tilt angle 7, using parameters similar to
those in the experiment. We implemented each non-collinear
driver as a Gaussian beam of waist 34 pm, with half-crossing
angle ¢ = 21.65 mrad, wavelength 800 nm and field amplitude
Ey, = 0.063 atomic units, as defined in Egs. (3) and (4) of the
main text. In the quantum SFA simulations, we modeled the laser
pulse with a sinZ envelope of pulse duration 11.5 fs full-width at
half maximum intensity. In the TSM calculations we chose field
amplitude 0.057 a. u., corresponding to an intensity 80 % of that
of the SFA calculations, which showed superior agreement with
the experimental results. The strong-field parameters used in
the TSM were those presented in Fig. 3(a) of the main text, and
a as extracted from a semiclassical model [15] (marked in Fig.
3(b) using 80 % of their average peak intensity, 2.24 x 1014
W /cm?) for each harmonic. In the TSM results presented in Fig.
S12, only the short trajectory contributions were considered.

EUV ellipticity ezyy and tilt angle T were obtained through
the Stokes parameters, at the far-field spatial position at which
each harmonic presents its maximum intensity. The satisfactory
agreement between theoretical results and experimental
measurements shown in Fig. 3 of the main text, together with the
satisfactory agreement between TSM and quantum SFA results,
allows us to corroborate the validity of the strong-field
parameters ( qefr, @ ) retrieved from the experimental
measurements in this work.

S7. Predominant role of the short vs. long quantum
path in the non-collinear HHG geometry

In the non-collinear HHG geometry, so-called short quantum
paths clearly dominate over long-quantum paths. We performed
theoretical simulations within the SFA quantum model including
propagation, and the TSM, to corroborate this effect. The
parameters used in these simulations were those presented in
preceding section S6.

First, in Fig. S13(a) we present the quantum SFA simulation
results for the right-handed circularly polarized (RCP / left
column) and left-handed circularly polarized (LCP /right
column) projections of the far-field harmonic signal, in which the
ellipticity of the drivers was ¢,z = 0.7. In the top panels we
present the intensity spatial distribution, and in the other panels
of Fig. S13(a) we present the time-frequency analysis of the
radiation detected at three separate spatial positions for each
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Fig. S13: Relevance of short quantum paths over long ones. (a) SFA quantum simulation results considering a driving field with ¢;z =
0.7, for RCP (left column) and LCP (right column) projections. The top panels show the far-field intensity distribution; the lower ones
show the time-frequency analysis of the emission obtained at three divergence angles. The positive slope of the structures presented

in all time-frequency analysis indicates the dominance of the short quantum paths.

(b) TSM results of the far-field intensity

distribution of harmonic 15 emitted through short (left column) and long (right column) quantum paths, and using a driving field with
&r = 0.7 (top row), &g = 0.8 (middle row) and ¢;z = 0.9 (bottom row).

projection. The time-frequency analysis allowed us to observe at
what time each harmonic was emitted. Short (long) trajectory
contributions—which present a positive (negative) chirp—thus
typically exhibited a structure with a positive (negative) slope in
the time-frequency analysis. From an inspection of the six panels
presented here, one can clearly see that the emission is
dominated by short trajectory contributions.

Second, to corroborate this result, we show in Fig. S13(b) the
TSM results of the distribution of spatial intensity of harmonic
15 when driven with ¢ = 0.7 (top row), &g = 0.8 (middle
row) and & = 0.9 (bottom row), and when considering short
trajectory contributions (left column, @ = 3.529 deg./(1013W/
cm?)) and long trajectory contributions (right column, a =
136.7 deg./(103W/cm?) ). The harmonic intensity is
normalized to the same value in each row. Both shape and yield
of the intensity distributions indicate that the short trajectories
dominate over the long ones.
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