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Light propagation in a three-dimensional Rydberg gas with a nonlocal optical response
Appendix: Susceptibility in k space
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2 Interdisciplinary Center for Quantum Information,
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To derive the susceptibilities χ̃l (Eq.(16)) and χ̃n (Eq. (17)) in k space,applied the following rules of the Fourier

transform (here, we definition: F [f(x)] = f̃(k) = 1√
2π

∫∞
−∞ f(x)e−ikxdx):

(i) Convolution theorem: For f(x) = f1(x) ∗ f2(x) =
∫∞
−∞ f1(x′)f2(x − x′)dx′, where ∗ denotes the convolution

operation, then:

f̃(k) =
√

2πf̃1(k) · f̃1(k)

and

F [f1f2] =
1√
2π
f̃1(k) ∗ f̃2(k);

(ii) Translation/ time-Shifting: For any real number x0, we have

F [f(x− x0)] = e−ix0kf̃(k);

(iii) Modulation/ frequency shifting: For any real number k0, if f ′(x) = eixk0f(x), then

F [f ′(x)] = f̃(k − k0);

(iv) Time scaling: For a nonzero real number a,

F [f(ax)] =
1

|a|
f̃

(
k

a

)
.

We now perform a Fourier transform on the susceptibility. For the local term, we have

F [χl(r)E(r)] = F
[
g

∫ ∞
−∞

αl(r− r′)n(r′)dr′E(r)

]
=

1√
2π
F
[
g

∫ ∞
−∞

αl(r− r′))n(r′)dr′
]
∗ F [E(r)]

=
1√
2π

(
F
[∫ ∞
−∞

A0n(r′)dr′
]

+ F
[∫ ∞
−∞

α+(r− r′)n(r′)dr′
])
∗ F [E(r)]

=

(
1√
2π
F [A0] + F

[
α+(r)

]
F [n(r)]

)
∗ F [E(r)]

=
(
A0δ(k) +

√
2πnα̃+(k)δ(k)

)
∗ Ẽ(k)

=
(
A0 +

√
2πnα̃+(0)

)
Ẽ(k)

= χ̃lẼ(k). (1)

Here A0 = 2gδ/(Ω2
c − 2iΓδ), α±(r− r′) =

gΩ2
c

2iΓ(2iΓδ−Ω2
c) (A+(r− r′)±A−(r− r′)),

F [A±(r− r′)] = F
[

1

1 + (r/R±b )6

]
=

1

(2π)3/2

∫ ∫ ∫
1

1 + (r/R±b )6
e−i(kxx+kyy+kzz)dxdydz



2

=
1

(2π)3/2

∫ ∞
0

∫ 2π

0

∫ π

0

1

1 + (r/R±b )6
e−ikr cos θr2 sin θdθdϕdr

=
1√
2π

∫ ∞
0

1

1 + (r/R±b )6
r2

∫ π

0

e−ikr cos θ sin θdθdr

=
1√
2π

∫ ∞
0

1

1 + (r/R±b )6

r sin kr

k
dr

=

√
2π(R±b )3

6

e−kR
±
b −Be−B∗kR

±
b −B∗e−B∗kR

±
b

kR±b

=

√
2π(R±b )3

6
f [kR±b ], (2)

with B = (1 + i
√

3)/2 and

α̃±(k) = F
[
α±1 (r)

]
=

gΩ2
c

2iΓ(2iΓδ − Ω2
c)
F
[

1

1 + (r/R±b )6

]
± gΩ2

c

2iΓ(2iΓδ − Ω2
c)
F
[

1

1 + (r/R±b )6

]
(3)

=
gΩ2

c

2iΓ(2iΓδ − Ω2
c)

√
2π

6

(
(R+

b )3f [kR+
b ]± (R−b )3f [kR−b ]

)
.

Because

α+(0) =
gΩ2

c

2iΓ(2iΓδ − Ω2
c)

√
2π

6
lim
k→0

(
(R+

b )3f [kR+
b ] + (R−b )3f [kR−b ]

)
=

gΩ2
√

2π

12iΓ(2iΓδ − Ω2)

(
(R+

b )3 + (R−b )3
)
, (4)

so

χ̃l = A0 +
√

2πnα̃+(0)

= A0 +A1

(
(R+

b )3f [kR+
b ]± (R−b )3f [kR−b ]

)
, (5)

with A1 = πgΩ2
cn/(6iΓ(2iΓδ − Ω2

c)). Obviously, χ̃l is k independent.
For the the nonlocal term:

F
[∫

χn(r− r′)E(r′)dr′
]

= F
[∫ ∞
−∞

gαn(r− r′)eiK·(r−r
′)n(r′)E(r′)dr′

]
= F

[
α−(r)eiK·r ∗ n(r)E(r)

]
=
√

2πF
[
α−(r)eiK·r

]
F [n(r)E(r)]

=
√

2πnα̃−(k + K)Ẽ(k)

= χ̃n(k)Ẽ(k) (6)

with χ̃n(k) = A1

[
(R+

b )3f(|k + K|R+
b )− (R−b )3f(|k + K|R−b )

]
, which is k dependent.


